The paper studies the problems associated with the construction of price indexes for commercial properties that could be used in the System of National Accounts. Property price indexes are required for the stocks of commercial properties in the Balance Sheets of the country and related price indexes for the land and structure components of a commercial property are required in the Income Accounts of the country if the Multifactor Productivity of the Commercial Property Industry is calculated as part of the System of National accounts. The paper suggests a variant of the capitalization of the Net Operating Income approach to the construction of property price indexes and uses the one hoss shay or light bulb model of depreciation as a model of depreciation for the structure component of a commercial property.
Introduction
Many of the property price bubbles experienced during the 20th century were triggered by steep increases and sharp decreases in commercial property prices.
2 Given this, there is a need to construct commercial property price indexes but exactly how should these prices be measured? Since commercial property is highly heterogeneous compared to housing and the number of transactions is also much lower, it is extremely difficult to capture trends in this market. In addition, many countries have been experiencing large investments in commercial properties and in countries where the market has matured, depreciation and investments in improvements and renovations represents a substantial fraction of national output. But clear measurement methods for the treatment of these expenditures in the System of National Accounts are lacking. Given this, one may say that the economic value of commercial property in particular is one of the indicators that is most difficult to measure on a day-to-day basis and that statistical development related to this is one of the fields that has perhaps lagged the furthest behind. Indexes based on transaction prices for commercial properties have begun to appear in recent years, especially in the U.S. However, in many cases, these indexes are based on property appraisal prices. But appraisal prices need to be based on a firm methodology. Thus in this paper, we will briefly review possible appraisal methodologies and then develop in more detail what we think is the most promising approach.
In summary: the purpose of this paper is to present a framework for the organization of commercial property data into a form which would be suitable for national income accounting purposes and for the construction of property price indexes. Basically, the paper looks at the problems associated with the construction of output and input price indexes for periodic flow inputs as well as for the fixed assets used in the commercial property industry. Thus section 2 below looks at the problems associated with the construction of output indexes while section 3 studies the problems associated with the construction of variable input indexes such as intermediate input and labour indexes. Sections 4 and 5 present methodologies for constructing both stock and flow indexes for the fixed inputs used by commercial property firms, namely structures and the land that the structures sit on. Section 6 concludes.
It should be noted that the problems associated with constructing price indexes for commercial properties are more complex when the prices are required for national income accounting purposes as opposed for other purposes that simply require the determination of the joint value of commercial property structures and the associated land.
3 For national income accounting purposes, the value of a commercial property needs to be decomposed into land and structure components, a problem that has been largely overlooked in the academic literature on commercial property price indexes. Most of the difficult problems associated with the construction of constant quality price indexes for the commercial property sector are associated with the land and structure inputs used by the sector.
Basically, three distinct methods have been used to construct commercial property price indexes for the fixed assets of a property firm:
Methods based on commercial property sales transactions over time. Variants of this method include the repeat sales methodology and hedonic regression methods. 4 Methods based on observing published share prices for property stocks or REITs (Real Estate Investment Trusts) in order to estimate the asset value of the property. 5 Methods based on capitalizing the Net Operating Income (NOI) of a building trust. 6 The major problem with the transactions based methods for determining the constant quality prices for commercial properties is that sales of commercial properties are very sparse. Thus hedonic and repeat sales methods, which can work well for constructing constant quality price indexes for residential properties, may not work well in the commercial property context due to the infrequency of sales of these properties.
Stock market based methods for determining the prices of commercial properties are subject to three problems:
The stock market valuation of a commercial property REIT that has a constant portfolio of properties does not provide a constant quality price for the fixed assets in that portfolio due to the depreciation of the structures in the portfolio. For national income accounting purposes, a decomposition of the asset value of a REIT into its structure and land components is required and the stock market valuation cannot provide this breakdown. 4 Appraisers frequently base their estimates for the asset value of a commercial property on sales of similar properties during the same time period: "Real estate valuation is founded primarily on the use of comparable sales information." Andrew Baum and Neil Crosby (2008; 17) . This valuation method can be considered as a type of informal hedonic regression model. For a fairly comprehensive review of the hedonic regression methodology used in the valuation of residential properties, see de Haan and Diewert (2011) . For comparisons of the hedonic regression and the repeat sales methodologies, see Diewert, Nakamura and Nakamura (2009 ), Diewert (2010 ) (2011 ), Shimizu, Nishimura and Watanabe (2010 and Deng, McMillen and Sing (2013) . See Devaney and Diaz (2010) for an application of the hedonic regression methodology to the commercial property context. 5 Papers that use this methodology include Fisher, Geltner and Webb (1994 ), Geltner (1997 ), Geltner, Pollakowski, Horrigan and Case (2010 , Bokhari and Geltner (2012) and Shimizu, Diewert, Nishimura and Watanabe (2013) . 6 Methods of this type are discussed in some detail in Baum and Crosby (2008; 27) and are labelled as discounted cash flow models or capitalization of income approaches. Our particular variant of this class of methods to be explained later can be regarded as a discounted cash flow model. Stock market valuations will generally be too volatile for statistical agency purposes. The stock market price of a REIT will typically over react to daily news about macroeconomic events.
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Thus in our view, the most useful method for obtaining constant quality prices for commercial properties is the capitalization of net operating income method. We will present a variant of this method in some detail in sections 4 and 5 below. Our analysis will give practical advice on how statistical agencies could construct both stock and flow price indexes for commercial structures and the land that the structures sit upon.
A particular problem with existing methodologies for the capitalization of the NOI of a particular property in order to obtain estimates of the current asset value of the property is that they do not deal adequately with the problems raised by the depreciation of the structure over time. These difficulties were discussed by Dixon, Crosby and Law (1999) and Crosby, Devaney and Law (2012) and their papers contain extensive reviews of the depreciation literature as it applies to commercial properties. However, our suggested solution to these problems is quite different than the solutions presented in these publications. 
The Construction of Output Price Indexes
We consider the problems associated with constructing quarterly input and output price indexes for a particular commercial property in a single location. We assume that the property has N sources of revenue and the quarter t price for product n = 1,2,...,N is p n t and the corresponding quantity sold during the quarter is q n t . Before proceeding further, we need to discuss the exact meaning of the microeconomic prices and quantities if there are multiple transactions for say commodity n within quarter t. In this case, it is natural to interpret q n t as the total amount of commodity n sold within quarter t. In order to conserve the value of transactions, it is necessary that p n t be defined as a unit value 9 ; i.e., p n t must be equal to the value of transactions for commodity n during quarter t divided by the total quantity transacted, q n t . Thus define the revenue of the commercial property in quarter t as:
(1) R 7 However, an advantage of the share price method over the NOI method is that the former method may predict turning points in the property market in advance of the latter method since stock market valuations are forward looking, whereas Net Operating Income gives a snapshot of the property's current (or slightly backward looking) income generating abilities. 8 Our method relies on a depreciation model discussed in the national income accounting literature. 9 The early index number theorists Walsh (1901; 96), Fisher (1922; 318) and Davies (1924; 96) all suggested unit values as the prices that should be inserted into an index number formula. This advice is followed in the Consumer Price Index Manual: Theory and Practice with the proviso that the unit value be a narrowly defined one; see the 356) .
The outputs produced by an office or retail building will typically consist primarily of the rental or leasing of individual units of floor space. The total floor space leased or rented will generally be well below the total floor space of the building since some space will be taken up by hallways, utility rooms, caretaker and managerial offices. 10 When measuring outputs, rented space is what counts but in section 5 when valuing the cost of the services provided by the basic building structure, it is total floor space that matters. In addition to leased office and retail space, the building may make additional revenues from renting parking spaces and other miscellaneous sources of revenues.
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If the revenue generating property leases (for commercial space in the building) are monthly or quarterly, there is no problem in determining quarterly revenues. However, if the leases extend longer than a quarter and there is a fixed payment at the beginning of the lease for the use of leased space that covers the entire leasing period, then this total lease payment has to be amortized into imputed quarterly payments over the life of the lease. There are various commercial accounting methods for accomplishing this amortization and the price statistician may have no choice but to use whatever amortization method was used in the quarterly statements of the property owner. However, if detailed information on the building leases is available, then one hoss shay amortization is a useful method that can be recommended. This method will be explained in section 4 below in the context of amortizing the cost of a building that lasts L quarters after it is constructed. In the present output price context, the length of life L is now interpreted as the length of the lease.
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The index number problem can be explained in the following manner. Consider the property's revenue ratio going from say quarter 0 to 1, R 1 /R 0 . Index numbers attempt to decompose a value ratio for the two periods under consideration into a price change component P times a quantity change component Q. However, an industrial building is typically leased to a single business and in this case, total floor space would coincide with rented floor space. 11 For example, a building may derive revenues from a transmission tower on the top of the building. 12 The amortization method is explained below by equations (13)- (16). If the lease payment is made at the beginning of quarter t and the length of the lease is L quarters, then P 0 t in equation (13) can be interpreted as the total lease payment, f t is the quarter t imputed revenue for the firm, i t is the expected quarterly inflation rate for the rental of space of the type under consideration, r t is the firm's opportunity cost of capital at the beginning of period t and (1+i t ) s f t is the imputed revenue for the space under consideration in quarter t+s for s= 1,2,...,L 1. 13 Thus once the functional form for the price index P(p 0 ,p 1 ,q 0 ,q 1 ) is determined (and detailed price and quantity data are available for the two quarters), aggregate output price and quantity levels for the two quarters under consideration can be determined using the definitions in (3).
There are four main approaches to the determination of the functional form for a price index P(p 0 ,p 1 ,q 0 ,q 1 ) that compares the prices (and associated quantities) between two periods:
Fixed basket and averages of fixed basket approaches; The test or axiomatic approach; The stochastic approach and The economic approach.
These four approaches are explained in detail elsewhere. 14 There are two main functional forms for the price index that are used by statistical agencies as ideal target indexes: the Fisher ideal price index P F and the Törnqvist-Theil price index P T . Before defining these two indexes, it is useful to define some other indexes that are frequently used by statistical agencies.
One of the earliest approaches to defining a price index the fixed basket approach. In this approach, we are given a "representative" basket of commodities that is defined by the positive quantity vector q. Given the price vectors for periods 0 and 1, p 0 and p 1 respectively, we can calculate the cost of purchasing this same basket in the two periods, p 0 q and p 1 q. Then the ratio of these costs is a very reasonable indicator of pure price change over the two periods under consideration, provided that the basket vector q is "representative". Thus define the Lowe (1823) price index, P Lo , as follows:
As time passed, economists and price statisticians demanded a bit more precision with respect to the specification of the basket vector q. There are two natural choices for the reference basket: the period 0 commodity vector q 0 or the period 1 commodity vector q 1 . These two choices lead to the Laspeyres (1871) price index P L defined by (5) and the Paasche (1874) price index P P defined by (6) where the period t expenditure share on commodity n, s n t , is defined as p n t q n t /p t q t for n = 1,…,N and t = 0,1. Thus the Laspeyres price index P L can be written as a base period expenditure share weighted average of the N price ratios (or price relatives), p n 1 /p n 0 .
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The last equation in (6) shows that the Paasche price index P P can be written as a period 1 (or current period) expenditure share weighted harmonic average of the N price ratios.
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The problem with these index number formulae is that they are equally plausible but in general, they will give different answers. This suggests that if we require a single estimate for the price change between the two periods, then we should take some sort of evenly weighted average of the two indexes as our final estimate of price change between periods 0 and 1. An examples of a symmetric average is the geometric mean, which leads to the Fisher (1922) ideal index, P F , defined as
Another useful functional form for the target price index is the Törnqvist-Theil index P T . Theil (1967; 137) provided a strong justification for the use of this index from the perspective of the stochastic or descriptive statistics approach to index number theory. Theil's measure of overall logarithmic price change is defined as follows:
Exponentiating the right hand side of (8) provides a formula for lnP T (p 0 ,p 1 ,q 0 ,q 1 ).
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The Fisher index P F receives a strong justification as a target index from the perspectives of the basket, axiomatic and economic approaches to index number theory while the Törnqvist-Theil index P T receives a strong justification from the perspectives of the axiomatic, stochastic and economic approaches to index number theory. 19 Thus choosing between these two alternative indexes is difficult but fortunately, using time series data, these two index formulae give very similar results and so typically, it will not matter which of these two indexes is chosen.
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The above material dealt with aggregating revenue information on multiple sources of revenue from the same building. This information can be aggregated over multiple 16 This result is due to Walsh (1901; 428 and 539) . 17 This expenditure share and price ratio representation of the Paasche index is described by Walsh (1901; 428) and derived explicitly by Fisher (1911; 365) . 18 The U.S. Bureau of Labor Statistics uses this index number formula as its target Consumer Price Index at higher levels of aggregation. 19 See the . 20 Diewert (1978; 888) showed that P T (p 0 ,p 1 ,q 0 ,q 1 ) approximates P F to the second order around an equal price and quantity point. However, Diewert's results assumed that all prices and quantities were positive. buildings in the same location and in the same industry to form an industry output price index using the two stage aggregation procedures that are commonly used in the construction of a Producer Price Index. 21 Typically, commercial buildings in a particular location are classified into three groups:
Offices; Retail sales and Industrial (or factories).
Buildings could be further subdivided according to the type of construction and other characteristics.
We conclude this section with a discussion of the problems raised by vacancies; i.e., for some quarters, some parts of the building may be temporarily vacant and thus for these components n of the building's revenue stream for quarter t, it may be the case that p n t equals 0. These zero components can cause the Törnqvist-Theil index P T to be ill-defined since the log of 0 is infinite. 22 The solution to this problem is to note that typically, the individual output quantities q n t are constant 23 and so we have q n 0 = q n 1 for n = 1,2,...,N, irrespective of whether all units are rented for the two periods or not. Thus under these conditions, the Laspeyres, Paasche and Fisher output price indexes reduce to the Lowe index, P Lo (p 0 ,p 1 ,q) p 1 q/p 0 q where q is the common quantity vector for the two periods under consideration. Under these conditions, letting P be either P L , P P or P F , we find using definitions (3) that the price and quantity levels for quarters 0 and 1 become:
Thus the price index P(p 0 ,p 1 ,q 0 ,q 1 ) collapses to the revenue ratio, R 1 /R 0 if we use the Laspeyres, Paasche or Fisher index number formula. Hence our solution to the vacancy problem is simple: use the Fisher formula P F and not the index P T in order to form a commercial property output price index.
It should be noted that our suggested national income accounting treatment of commercial property revenues differs somewhat from the treatment used by commercial property appraisers. Appraisers impute a "normal" rent for vacant suites in the building and add it to actual rent. They then reduce this imputed total rent by one minus a "normal" vacancy rate and they use this adjusted rent as their estimate of Net Operating Revenues for the building in the period under consideration. 24 However, this type of imputation would typically not be made for national accounting purposes where revenues are taken to be actual period t operating revenues for the production unit, not imputed revenues. It can be seen that, typically, appraised operating income will be smoother than actual operating revenues, since vacancies are not uniform over time. 21 See the IMF/ILO/OECD/UNECE/Eurostat/The World Bank (2004) . 22 The second alternative formulae for the Laspeyres and Paasche indexes defined by (5) and (6) can also become ill-defined if some prices are zero. 23 If renovations occur while the unit is vacant, then there will be a quality adjustment problem. 24 See Baum and Crosby (2008; 67) .
We turn our attention to the construction of (non capital) input indexes for a commercial property.
The Construction of Variable Input Price Indexes
In this section, we focus on nondurable variable inputs that have well defined price and quantity components and that are used by the commercial property firm in quarters t = 0,1. We assume that there are M such variable inputs. 25 Denote the quarter t unit value price of input m by p Im t and the corresponding total quantity purchased during the quarter by q Im t for m = 1,2,...,M. 26 Examples of these nondurable inputs include the following:
Inputs used to heat the building such as fuel oil, coal and natural gas; Electricity inputs; Telecommunication inputs; Cleaning supplies; Janitorial, maintenance and repair inputs; Security and caretaker services and Managerial and legal services inputs.
In the standard System of National Accounts and in Multifactor Productivity Accounts, 27 these nondurable inputs are further classified as intermediate inputs or as labour inputs. The last three classes of inputs listed above could be listed as labour inputs if the type of service rendered is provided by an employee of the commercial property firm. Alternatively, these three types of input could be classified as intermediate inputs if the type of service is contracted out.
The construction of an input price index for the M classes of input proceeds in a manner that is entirely analogous to our discussion of an output price index in the previous section. Thus the property's quarter t variable input cost C t is defined as follows: As in the previous section, the four major approaches to index number theory that have been considered in the literature to date suggest that the Fisher or Törnqvist-Theil functional forms defined earlier by (7) and (8) would be good choices for P I (p I 0 ,p I 1 ,q I 0 ,q I 1 ).
The problem of zero purchases of a particular input during one of the two periods under consideration needs to be addressed. 28 We cannot use the solution to this problem that was used in the previous section because quantities of variable inputs are generally not constant across periods. To explain our suggested solution to the problem of zero purchases of an input during one period, we suppose q m 0 units of a particular input are purchased in quarter 0 at price p m 0 but no units of the input are purchased in quarter 1. Thus it is clear that we can set q m 1 equal to 0 but if we set p m 1 equal to zero as well, our preferred Fisher and Törnqvist-Theil input indexes can generate anomalous results. In order to obtain stable input indexes over time, it is best to impute a positive price for the missing price, p m 1 . There are at least three possible choices for this imputation exercise:
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Carry forward the price of the previous period; i.e., set p m 1 equal to the observed price p m 0 for the product m in quarter 0. Collect a price for the same product in quarter 1. Thus if a quantity of a particular type of cleaning fluid was purchased by the firm in quarter 0 but not purchased in period 1, a price for the same product is collected for period 1. Assume that the rate of price change for product m going from quarter 0 to 1 is the same as the rate of change of an available price index for a similar product or class of products. Thus suppose the level of a statistical agency price index for cleaning fluids is P CF 0 in quarter 0 and P CF 1 in quarter 1, then the imputed price for product m in quarter 1, p m 1 , is set equal to p m 0 [P CF 1 /P CF 0 ].
28 If the input m is not purchased in both quarters 0 and 1, then this input can simply be omitted in the list of inputs and normal index number theory is applied to the remaining commodities. 29 Additional imputation methods are considered in Diewert (1980; 498-501) and in Feenstra and Diewert (2001) .
The first method is not recommended if the inflation rate for product m is high or very variable. 30 The second method is a preferred method but it may be very costly to obtain the missing price quote from the marketplace. 31 The third method will generally be satisfactory but of course, price indexes by product category must be available.
The above discussion has focussed on nondurable variable inputs for which (at least in principle) it is possible to obtain period by period unit value prices and the corresponding period by period quantities purchased for the commercial property under consideration. However, there are three additional periodic input costs for which there are values but no obvious breakdown into price and quantity components. These three classes of value only nondurable variable input costs are as follows:
Quarterly property tax payments, say C PT t for period t; Quarterly business income tax payments, say C IT t for period t and Quarterly property insurance payments, say C PI t for period t.
These costs need to be decomposed into price and quantity components so that the real output and input of the Commercial Property sector can be computed for national income accounting purposes. We will defer the problems associated with these decompositions until we have studied the problems associated with costing out the contribution of the building or structure and of the land that the structure sits on. Thus in the following section, we study how stock and flow price indexes for the building can be constructed and then in the next section, we show how stock and flow price indexes for the plot area can be constructed. 
The Construction of Stock and Flow Prices for the Commercial Building
In this section, we address the problem of pricing the services the building provides in each period. This is a flow of services price but a stock price is also required; i.e., we require an estimate of the market value for the structure at the beginning of each accounting period and a decomposition of this value into a price and quantity component. 33 Unfortunately, constructing price indexes for a durable input is a much more difficult task than constructing prices for outputs and variable inputs because imputations are required in order to construct the stock and flow prices for a durable 30 In periods of high or moderate inflation, the carry forward method of imputation will tend to understate input cost inflation over the periods where the input is not purchased but then the index will jump up when the input is finally repurchased. 31 We are essentially assuming that the price statistician has access to building level data on revenues and costs, where the costs are listed by transaction. In many cases, only quarterly accounting data will be available and costs will generally be decomposed only by a few product categories and while values by category might be available, average prices by category may not be available. 32 There is one additional cost category associated with a commercial property that needs to be taken into account and this category is period by period capital expenditures, C CE t , on the property. We will deal with these expenditures in the following section. 33 This information is required for the construction of the Balance Sheets for the commercial property sector of the economy. The value of the flow of structure services (and the decomposition of this value flow into price and quantity components) is also required in the System of National Accounts in order to construct estimates of the Multifactor Productivity growth of the commercial property sector.
input. The problem is that a market price for the building can only be observed at the time the building is constructed when it is possible to determine the construction cost.
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Allocating this construction cost across the useful lifetime of the building is a fundamental problem of accounting. There is no universally accepted single solution to this intertemporal cost allocation problem. In this section, we will suggest a possible method for solving this problem but the reader should keep in mind that other methods may be equally appropriate.
Capital theory 35 suggests that the value of a durable input (or asset) at a point in time is equal to its expected discounted stream of flow returns. We will formalize this suggestion in (13) below. Let P 0 t be the asset value of a newly constructed building at the beginning of quarter t and suppose that the expected life of the structure is L quarters. Suppose also that the cash flow that can be attributed to the services provided by the new structure in quarter t is f 0 t . Now undertake a mental experiment and suppose that the same structure is n quarters older at the beginning of quarter t (where 1 n L 1) and its asset value is P n t , where P n t < P 0 t since an older asset has a smaller number of periods left in its useful life and hence will be worth less than a brand new asset. Suppose that the cash flow that can be attributed to the services provided by the n quarters old structure in period t is f n t where f n t f 0 t for n = 1,2,...,L 1. 36 Finally, suppose that the firm that owns the building faces the nominal quarterly interest rate (cost of financial capital) r t at the beginning of period t 37 and that value of building structure services is expected to rise at the quarterly inflation rate i t . Then capital theory suggests that the value of the new structure at the beginning of quarter t, P 0 t , should be equal to the following sum of discounted expected cash flows: 38 (13) P 0 t = f 0 t + t f 1 t + ( t ) 2 f 2 t + ... + ( t ) L 1 f L 1 t where the quarter t discount factor t is defined as follows: (14) t (1+i t )/(1+r t ). 34 One might think that a market price could be observed when a building is sold but typically, the sale price includes not only the structure but the land that the structure sits on and hence an imputation must be made in order to decompose the sale price into structure and land components. 35 Walras (1954) (first edition published in 1874) was one of the earliest economists to state that capital stocks are demanded because of the future flow of services that they render. For background material on capital theory and production theory, see Jorgenson (1963 Jorgenson ( ) (1989 , Christensen and Jorgenson (1969) , Diewert (1980 Diewert ( ) (2005 , Hulten (1990) , Diewert and Lawrence (2000) and Schreyer (2001 Schreyer ( ) (2009a . 36 For n L, f n t = 0 since the structure is abandoned or demolished after delivering structure services for L quarters. 37 Conceptually, r t is equal to a gross rate of return that is high enough to cover business income taxes and pay investors a rate of return that will induce them to invest in the building. Thus business income taxes are folded into this rate of return. 38 See Diewert (2005; 480-487) for additional material on this model. The quarter t cash flow for a building that is n quarters old, f n t , can be interpreted as a quarter t imputed rental price for the building of the type under consideration that is n quarters old.
Under the same set of assumptions, capital theory suggests that the value of a similar structure that is n quarters old at the beginning of period t, P n t , should be equal to the following sum of discounted expected cash flows:
(15) P n t = f n t + t f n+1 t + ( t ) 2 f n+2 t + ... + ( t ) L 1 n f L 1 t ; n = 1,2,...,L 1.
In order to value the flow of structure services in the SNA for the commercial property under consideration, we require estimates for the f n t for each quarter t and for all ages n of the structure for n = 0,1,2,...,L 1. In order to construct balance sheet estimates in the SNA for the assets of the commercial property sector, we require estimates for the P n t for each quarter t and for all ages n of the structure for n = 0,1,2,...,L 1. Obviously, this is a rather daunting task. In order to construct a practical method for estimating these prices, we need to make additional assumptions.
In order to simplify the above general model of asset valuation, we will make a further assumption; namely, that the flow of building services by age of the building is constant over the useful life of the building. 39 This assumption seems to be a reasonable one: basically the services provided by the structure are the same quarter by quarter over the useful life of the asset. 40 This assumption means that all of the quarter t flow prices for buildings of the type under consideration by age n, f n t , are equal to the quarter t flow of services of a new building f 0 t . Thus we have:
This is known as the light bulb or one hoss shay model of depreciation. 41 Upon substituting equations (16) into (13), we obtain the following relationship between the stock and flow prices for a new building at the beginning of quarter t:
where the second equation follows if t [1+i t ]/[1+r t ] < 1. Thus if the price statistician has estimates for the quarter t building services inflation rate i t , the quarter t cost of capital r t and an estimate for the per square meter new building construction cost at the 39 We hope to implement a more general depreciation model in future work. 40 As Dixon, Crosby and Law (1999) noted, basically three depreciation models have been considered for commercial structures: declining balance (or geometric) depreciation, straight line depreciation or one hoss shay (or light bulb) depreciation. The problem with the first two depreciation models is that the structure services provided by the building will approach zero as the building nears the end of its life. But even near the end, the structure is still providing basic floor space services that are much the same as the services provided in previous periods. Thus we think that the one hoss shay model of depreciation is more realistic for a single structure than the competing geometric and straight line depreciation models. 41 It is due to Böhm-Bawerk (1891). It is described in more detail by Hulten (1990; 124) and Diewert (2005; 506-510 (16) into (15) and we obtain the following expression for the beginning of period t asset price P n t of a building of the same type that is n quarters old at the start of period t:
where the second equation follows if t < 1. 43 Thus if an estimate for the construction cost of a new building of the type under consideration, P 0 t , is available along with estimates for the expected life of the building L, the cost of capital r t and the expected building inflation rate i t , then a complete set of flow prices for structure services, f n t = f t , and asset prices by age n of the building P n t can be constructed.
We now suppose that we are considering a specific commercial property in quarters t and t+1 and the problem is to construct prices and quantities of building services and estimates of the stock value (and price and quantity) of the building for quarters t and t+1. Suppose that P 0 t represents the period t price of a square meter of a newly constructed building at the beginning of quarter t of the type of building under consideration. Let Q B t be the quarter t floor area of the building in square meters. We suppose that the building floor area remains constant from period to period; i.e., We assume that the price statistician has estimates for the length of life L for the building, for the firm's cost of capital at the beginning of quarter t, r t , for expected building construction cost inflation, i t , and for the new building cost per meter squared at the beginning of period t, P 0 t , for quarters t and t+1. The quarter t and t+1 estimated prices of building services are equal to f t and f t+1 defined by (20):
The corresponding quarters t and t+1 building services quantities, Q B t and Q B t+1 , are defined by (19); i.e., the quantities are fixed at the number of square meters of floor space, Q B . Thus f t , f t+1 , Q B t and Q B t+1 defined by (19) and (20) are the prices and quantities that can be inserted into an index number formula that aggregates all building inputs into an 42 Note that we have made an assumption here that the value of the new building is equal to its construction cost. This assumption is likely to be approximately true but it will generally be only an approximation. 43 Cross sectional depreciation for a building of age n at the beginning of quarter t is defined as D n t P n t P n+1 t for n = 0,1,2,...,L 1. Using the first equation in (18), it can be seen that D n t = f t ( t ) L (n+1) for n = 0,1,2,...,L 1. Thus if t < 1, cross sectional depreciation increases as the age of the asset increases. However, if r t = i t = 0, then t = 1 and D n t = f t for n = 0,1,2,...,L 1; i.e., cross sectional depreciation is constant under these conditions and one hoss shay depreciation collapses down to straight line depreciation. 44 We are assuming that t [1+i t ]/[1+r t ] < 1 for periods t and t+1. Note that if r t = r t+1 and i t = i t+1 , then t = overall input price index for the services of the building under consideration. This is the type of input index that would be used in studies of the Multifactor Productivity of the commercial property under consideration.
Constructing suitable prices for beginning of quarter t and t+1 asset values of the building that can be used in an index number formula is a more difficult task. The estimated asset value of the building at the beginning of quarter t is P n t Q B t where P n t is defined by (18) and Q B t is defined by (19). The estimated asset value of the building at the beginning of quarter t+1 is P n+1 t+1 Q B t+1 where Q B t+1 is defined by (19) and P n+1 t+1 is defined as:
where the second equation in (21) follows if t+1 < 1. At first glance, it might appear that one could simply use the asset prices P n t and P n+1 t+1 defined by (18) and (21) and the quantities Q B t and Q B t+1 as suitable prices and quantities that could be used in an asset price index number formula. However, this is not a conceptually correct procedure because the quality of the building is not being held constant as we go from period t to period t+1. The period t+1 building is not the same as a period t building since the older building has one less period left in its expected life 45 and thus P n+1 t+1 /P n t does not represent a constant quality asset price index for the building under consideration.
Fortunately, there is a way to overcome the above lack of comparability problem. For each quarter t, we can convert the building quantity Q B t into an equivalent number of units of a new building. Thus define the quarter t quality adjusted quantity of building units, Q B t* , as follows:
where the second equation in (22) follows from the second equations in (17) and (18). The corresponding quarter t+1 quality adjusted quantity of building units, Q B t+1* , is defined as follows:
Thus when constructing a constant quality asset price index for the commercial property under consideration going from quarter t to t+1, the new asset building prices P 0 t and P 0 t+1 can be used in the index number formula along with the quality adjusted building quantities, Q B t* and Q B t+1* defined above by (22) and (23).
46 45 We did not have this problem when constructing a price index for building services since the one hoss shay model of depreciation explicitly assumes that the flow of building services is constant over all ages of the building (until it is retired or demolished). 46 If t = t+1 , our suggested quality adjustment procedure can be justified using Hicks' Aggregation Theorem: "Thus we have demonstrated mathematically the very important principle, used extensively in the text, that if the prices of a group of goods change in the same proportion, that group of goods behaves There are limitations of our suggested price construction models:
The estimate for the expected age of the building L will be subject to some uncertainty; Similarly, there will be uncertainty about the estimated cost of capital r t and expected building inflation rate i t ;
The assumption that depreciation is of the one hoss shay type may not be correct;
The new building construction price index (in level form) P 0 t may not be appropriate for the particular building under consideration and The assumption that new building value is equal to new building cost may also be only an approximation.
However, it should be noted that national income accountants struggle with the same set of problems when they construct national balance sheet estimates for other components of the capital stock.
There is an alternative way of looking at our suggested method for finding flow of services prices and asset values for the building on the commercial property: our method can simply be regarded as a method for amortizing the initial construction cost of the building. Since amortization models are somewhat arbitrary, the method we have suggested seems to be a "reasonable" method.
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In section 2 above, we mentioned how the one hoss shay algebra could be used to impute quarterly revenues for say office space in a building that is leased out to various tenants on long term leases. Now suppose that the entire building is leased out to a single tenant who in turn subleases the space to other tenants or simply uses the building to generate revenues. The structure (and land) services valuation problem for the firm that has leased the entire building is now different from a firm that owns the land (the latter case will be considered in the following section). If the tenant pays a quarterly rent to the firm that owns the building, this rental payment can be considered an intermediate input cost for the leasing firm in the production accounts for the commercial property sector. This quarterly rental payment will appear as a revenue item for the firm that owns the building. This is reasonably straightforward. However, the problem here is do we regard the quantity of the intermediate input (combined structure and land services) for the leasing tenant to be constant over the life of the lease? If so, there is no problem in decomposing the intermediate input payment into price and quantity components over the life of the lease. If the quality of the structure service changes over time (due to changes in maintenance or to improvements in amenities), then there is a problem in quality adjusting the quantity of service over time. There is no easy answer to this quality adjustment problem, and so in practice, it may be necessary to assume that this quality is constant over the life of the lease. However, this is not the end of our measurement problems. Suppose the tenant does not pay quarterly rent over the life of the lease but rather pays a lump sum for the services of the structure over the lifetime of the lease at the beginning of the leasing period. In order to value the input contribution to the single tenant firm of the property over the life of the lease, it is reasonable to use the one hoss shay model explained above to value the long term lease and decompose it into period by period input costs. The value of the lease now covers the combined services of the structure and the land that it sits on for the duration of the lease. 48 However, note that following the resulting imputed rental prices for the space over time will not give us a reasonable index of current commercial property rents since the sequence of imputed rentals is entirely determined by the initial lease payment, the duration of the lease and assumptions about interest rates and expected inflation rates made at the beginning of the lease. 49 We can now suggest a possible treatment of capital expenditures on a commercial property. The same model of depreciation that we have suggested for the original structure can be applied to each capital expenditure. All that is required is an estimate for the length of life for each period's capital expenditure (this will generally be shorter than the length of life L used for the main structure) and an appropriate deflator for these expenditures. The resulting algebra will be messy 50 but conceptually, there do not seem 48 If the lease payment is made at the beginning of period t and the length of the lease is L quarters, then P 0 t in equation (13) can be interpreted as the total lease payment, f t is the period t imputed input cost for the structure (with the land), i t is the expected quarterly inflation rate for the rental of space of the type under consideration, r t is the (single) tenant's opportunity cost of capital at the beginning of period t and (1+i t ) s f t is the imputed period t+s input cost for the space under consideration for s= 1,2,...,L 1. Note that the initial lease payment P 0 t is now treated as an investment cost by the tenant and hence is amortized over time. This lease payment P 0 t is also treated as a deferred revenue asset by the firm that owns the building and the owning firm has to amortize this asset over the length of the lease (possibly using a different method of amortization). Accounting for commercial property transactions in the System of National Accounts is not a trivial matter! 49 Since long term leasing transactions are typically more prevalent than outright sales of commercial properties, it might be thought that a hedonic regression approach to obtaining constant quality price indexes for commercial properties would be more successful than a hedonic regression approach on sales. However, these long term lease transactions are still relatively sparse (since the leases are long term!) and so it will be difficult to find a parsimonious set of characteristics for the leases and the underlying properties that will lead to successful hedonic regressions that have high explanatory power. The advantages of the NOI approach to constructing indexes are: (i) the data are available every quarter for the buildings under consideration and (ii) all of the characteristics of the property are held (approximately) constant from period to period, except for building depreciation. Thus the NOI approach has all of the advantages of the repeat sales method for constructing house price indexes (in terms of holding characteristics to be relatively constant) but has the additional advantage of providing information every quarter. 50 With one hoss shay depreciation, there will be a separate construction expenditures asset for each time period when a capital expenditure took place and thus as time marches on, there will be more and more construction assets to depreciate and account for.
to be any problems in addition to the problems that have been mentioned for our analysis presented above for the underlying structure. Now that we have developed price and quantity estimates for structures, we can return to the problem of obtaining price and quantity decompositions for insurance payments and property taxes that fall on structures. We address the insurance problem first.
The main component of property insurance is the protection of the structure from damage due to fire and other causes. An insurance policy on a commercial property could provide a payment in case of the complete destruction of the structure which could either (i) cover the cost of complete replacement of the structure with a new structure of the same type or (ii) cover the value of the depreciated structure. Let C PI t be the period t value of property insurance payments. Then for case (i), an appropriate period t price of insurance is p PI t C PI t /Q B t and the corresponding quantity of insurance services is Q B t , the number of square meters of floor space for the structure in period t. For case (ii), the appropriate period t price of insurance is p PI t* C PI t /Q B t* and the corresponding quantity of insurance services is Q B t* , the quality adjusted number of square meters of floor space defined above by (22). In both cases, the insurance price is viewed as the per square meter cost of protection of the structure from damage. An implicit assumption for both price treatments is that the risks of damage remain constant over time.
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The period t property tax payments, C PT t , can usually be decomposed into two additive components: C PT t = C ST t + C LT t where C ST t + C LT t are the period t tax payments that can be attributed to the structure and C LT t are the payments that can be attributed to the plot of land that the structure is located upon. The tax payments on the structure are almost always assessed on the basis of the current (depreciated) value of the structure. Thus the appropriate price-quantity decomposition of the value of structure tax payments C ST t is to define the period t price p ST t and the corresponding quantity q ST t as follows:
where Q B t* is the quality adjusted number of square meters of floor space defined above by (22) . An appropriate price-quantity decomposition of the value of land tax payments C LT t is defined as follows:
where Q L is the size of the property's land area in square meters (which remains constant over the periods t).
What services do property taxes provide to the firm? These payments allow the firm to be in existence and to obtain some specific services from the governments that levy the taxes, such as access to a publically provided road network.
We will not decompose business income taxes into price and quantity components. Instead, we assume that business income taxes are reflected in the beginning of the period cost of financial capital, r t ; i.e., this rate is approximately equal to the after business tax rate of return that investors require plus the prevailing rate of business income taxation.
We now turn our attention to the final set of problems that are associated with the determination of stock and flow prices for the land plot.
The Construction of Stock and Flow Prices for the Land Area of the Commercial Property
service flow price change for the property going from period t to t+1 as
The above material completes our discussion of how to account for the valuation of input and output flows for the commercial property. There is only one remaining valuation problem and that is to obtain an asset or stock price for land at the beginning of each period.
Consider first the valuation of the property at the beginning of period t. The period t land rent per m 2 is p L t . Assume a constant land rent inflation rate equal to i Lt and assume that the land rent accrues at the end of each period. As in the previous section, assume that the firm's beginning of period t cost of capital is r t and this rate is expected to persist into the future. Then the discounted (to the beginning of period t) stream of expected land rents per m 2 is an approximation to the beginning of period t asset price of land, P L t . We use this approximation and define P L t as follows:
where L (1+i Lt )/(1+r t ) and we assume that L < 1 so that the period t cost of capital r t is greater than the period t expected land rent inflation rate i Lt . Thus the product of P L t defined by (29) and the plot area Q L t = Q L provide a price and quantity decomposition for the beginning of period t asset value of the land area of the commercial property.
Finally, if a volume index for the structure and the associated land for the property is required, then Fisher price and quantity indexes for the period t to t+1 movements in asset prices and quantities can be constructed. The period t asset value for the property is P 0
, and the period t+1 asset value is P 0 t+1 Q B t+1* + P L t+1 Q L t+1 where Q L t = Q L t+1 and these price and quantity components can be used in the chosen index number formulae.
Conclusion
The paper briefly reviewed existing methods for constructing commercial property price indexes and found that the capitalization of Net Operating Income seemed to be the most promising method. The details of the method were developed in sections 2-5. The method depends on regular accounting information on commercial properties that consist of a single property, assumptions about the length of life of the structure, a new construction price index for the type of structure under consideration, the firm's cost of raising financial capital and assumptions about expected structure and land inflation rates. Since the amount of land is fixed from period to period and the structure does not change from period to period (except for depreciation and capital expenditures), it is not necessary to collect information on the other characteristics of the property (they will remain roughly constant from period to period). Thus our suggested methodology, while not without problems, seems to be a viable way forward. 56 We conclude with a note on a weakness of our suggested method for constructing land and structure indexes for commercial properties: the method is dependent on the availability of quarterly accounting data on a sample of commercial properties on a timely basis. But accounting data for a property for the current quarter will only be available with a lag and hence our suggested method will not be able to construct the required indexes in a timely manner. In order to deal with this problem, we suggest the construction of provisional indexes that would be revised as accounting information became available. In order to construct these provisional indexes for structure and land services, two additional price indexes would need to be constructed: ]. The analysis presented in section 4 regarding the construction of structure stock and flow prices remains unchanged. However, the analysis presented in section 5 does change when constructing the interim indexes for land: equation (26) C PT t+1 ; t = 0,1,2,...,L 1. 56 We note that our approach to capitalizing the land rent is similar to the capitalization of NOI methodology that is commonly used in making property appraisals. Thus Baum and Crosby (2008; 125) suggest that an estimate for the value of a property is the current NOI of the property divided by their suggested capitalization rate k r g + d, where r is the required rate of return (which includes a risk premium), g is the expected rate of growth in rental prices (the counterpart to our i) and d is the expected depreciation rate. Baum and Crosby (2008; 71) explain how they introduced depreciation into their income capitalization formula as follows: "As a result of depreciationn, rental values may be rising as a combined result of market rental growth tempered by depreciation, at a rate of (1+g)/(1+d), where g is the annual rate of rental growth for new buildings and d is the annual rate of depreciation." The problem with this approach to depreciation is that it will only be valid if the property's land to rentable floor space area is approximately constant across properties. 57 If there is evidence that vacancy rates for the property type under consideration have changed, then it may be appropriate to further adjust R t+1* by the change in vacancy rate.
The remainder of the methodology presented in section 5 can be carried out using the preliminary estimate for Net Operating Income for quarter t+1 defined above. Once the accounting information for quarter t+1 for the property becomes available, the analysis can be redone as indicated in section 5. Obviously this methodological approach is not suitable for the construction of an index that cannot be revised but when constructing price and quantity indexes for components of the national accounts, it is normal to revise the indexes when additional information becomes available,
